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1 IntroductionThis paper describes a descendent of the Ontic language described in [7]. Thisearlier system was used to verify the Stone representation theorem from thefoundations of set theory. The main innovation of the language describedhere is the introduction of nondeterminism and the resulting elimination ofthe syntactic distinction between terms and types. Although a veri�cationsystem has been constructed for Ontic, this paper is primarily about thesyntax and semantics of the language and contains a large set of examplesintended to demonstrate the conciseness and clarity resulting from the declar-ative use of nondeterminism. This paper presents both a formal denotationalsemantics and a formal inference system, i.e., a set of inference rules, for theOntic language.The inference rules presented here can be used as the foundation for a me-chanical veri�cation system. However, any practical veri�cation systemmustbe highly automated and the inference rules alone do not provide a meansof achieving this automation. Although this paper addresses the clarity andconciseness achieved through nondeterminism, nondeterminism can also bemotivated as a means of achieving greater automation. Nondeterminism canbe viewed as an alternative syntax for �rst order terms and formulas | theso called taxonomic syntax for �rst order logic [6]. Taxonomic syntax hassigni�cant advantages for automated reasoning | it allows a larger fragmentof the reasoning process to be handled by e�cient type inference mechanisms.The use of taxonomic syntax is part of a larger program of basing inferenceprocedures on nonstandard syntactic constructions. A syntax based on natu-ral language under Montague semantics seems to be particularly e�ective [5],[4], [2]. The Montagovian syntax for �rst order logic is not discussed here.Ontic is best viewed as an extension of pure Lisp. Nondeterminism isintroduced through the use of McCarthy's amb operator [8], which is renamedin Ontic to either. From an operational viewpoint, when evaluating an ex-pression of the form (either u v) the evaluator nondeterministically selectseither the �rst or second argument and returns a value of the selected ar-gument. In this language each term has a set of possible values. It is easyto construct a recursive de�nition of an expression (an-integer) such that1



any integer is a possible value of this expression. Because each term is nat-urally associated with a set, terms can be used as types. Ontic is stronglytyped in the sense that each bound variable is associated with a term, suchas (an-integer), specifying a range of allowed values.In addition to providing the foundation of certain inference algorithms,nondeterminism provides greater linguistic elegance. Collapsing terms andtypes eliminates redundancy that is otherwise present between term andtype expressions. For example, consider the lisp function cons. The expres-sion (cons 'a 'b) is a traditional term while the expression (cons (a-symbol)(a-symbol)) is a natural type. Using nondeterminism to collapse terms andtypes eliminates the need for separate function and type constructors forcons.In addition to nondeterminism, the language de�ned here extends Lispwith a few additional primitives giving Ontic the power of higher order quan-ti�cation. In Ontic the type (a-subset-of (the-set-of-all (an-integer))) ex-presses the type of arbitrary subsets of the integers. One can also express thetype of all functions from integers to integers. The mechanisms for higherquanti�cation combined with a primitive universal type give Ontic the ex-pressive power of Zermelo Fraenkel set theory with the axiom of choice (ZFC).From the basic primitives of Ontic one can quickly de�ne sophisticatedmathematical concepts. Section 6 contains a complete foundational construc-tion of the real numbers. Fractions are de�ned as pairs of integers, rationalsas equivalence classes of fractions, and the reals as Dedekind cuts in therationals.The denotational semantics and inference system presented in sections 10and 11 should allow other researchers to build veri�cation systems for theOntic language. It would be particularly interesting to construct a veri�-cation system for this language using a metasystem such as Isabelle [10].Ideally any veri�cation system for Ontic would take advantage of inferencealgorithms for taxonomic syntax such as those described in described in [6].2



2 Basic OnticThe Ontic language is presented here in stages. First, this section describesa strongly typed nondeterministic Lisp. Later sections extend the languagewith additional primitives providing all the expressive power of ZermeloFraenkel set theory with the axiom of choice (ZFC). The language is in-troduced here through examples. A formal presentation of syntax and deno-tational semantics is given in section 10.The terms considered in this section are constructed from variables, quotedsymbols, cons, car, cdr, either, if, lambda, application, and recursively de�nedoperators. cons is the fundamental pairing operation operation of Lisp andcar and cdr are the functions for taking the �rst and second component of apair. A quoted symbol always has exactly one possible value | the symbolitself. The term (either 'foo 'bar) has two possible values | the symbol'foo and the symbol 'bar. The term(cons (either 'foo 'bar) (either 'foo 'bar))has four di�erent possible values.Ontic allows recursive de�nitions of operators. Operators of no argumentsare called \thunks". In Ontic thunks are used to represent types. As anexample we use recursion to de�ne the concept of an expression and theconcept of a list of expressions.(define (an-expression)(either (a-symbol)(cons (an-expression) (an-expression))))(define (an-exp-list)(either 'nil(cons (an-expression) (an-exp-list))))(define (a-symbol-alist)(either 'nil(cons (cons (a-symbol) (an-expression)) (a-symbol-alist))))The above de�nitions can be made more elegant once we have introduced3



higher order types in sections 5 and 9. We can also de�ne the natural num-bers.(define (zero)(list 'the-natnum 'zero))(define (a-natnum)(either (zero) (list 'the-natnum 'successor (a-natnum))))(define (succ (x (a-natnum)))(list 'the-natnum 'successor x))As usual, a term of the form (list u1 u2 : : : un) can be treated as anabbreviation for (cons u1 (cons u2 : : : (cons un 'nil) : : :)). Note that in thede�nition of succ the argument x is assigned the \type" (a-natnum). In Onticall bound variables are assigned types. The expression (let ((x (a-foo))) u)is taken to be an abbreviation for ((lambda ((x (a-foo))) u) (a-foo)).Variables always have exactly one possible value | the value of thatvariable in the current environment. Since a variable can only have onepossible value, the expression(let ((x (either 'foo 'bar)))(cons x x))has only two possible values. Note that if we replace x by (either 'foo 'bar)in the body (cons x x) we get (cons (either 'foo 'bar) (either 'foo 'bar))which has more possible values. The term(let ((x (lambda () (either 'foo 'bar))))(cons (x) (x)))has four possible values.We now de�ne an expression that has no possible values. In Ontic there isno distinction between divergent computation and failure to have a value.(define (fail) 4



(fail))Ontic has a separate syntactic category of formulas. Formulas are usedas tests in if expressions. All Ontic formulas can be constructed from theprimitive formula constructor is and Boolean combinations. The formula (isu w) is true if every possible value of u is also a possible value of w. If u hasonly one possible value then the formula (is u v) expresses the statementthat u has type v. If u has more than one possible value then (is u v)expresses the statement that u is a subtype of v. If u has no possible valuesthen (is u v) is true. If both u and v have exactly one possible value then(is u v) expresses the statment that u and v have the same value, i.e., thatthey are equal. Note that each formula is either true or false, and never both,even though formulas can contain terms with many possible values.Ontic includes considerable \syntactic sugar" for concisely writing formu-las which are semantically equivalent to expressions constructed from is andBoolean combinations.1 The formula (there-exists u) can be taken as anabbreviation for (not (is u (fail))). The \generate and test" term (some x(a-foo) such-that �[x]) can be taken as an abbreviation for (let ((x (a-foo))) (when �[x] x))where (when � u) is an abbreviation for (if � u (fail)). Formulas of theform (forall ((x (a-foo))) �[x]) can be taken as an abbreviations for (is(a-foo) (some x (a-foo) such-that �[x])). Formulas of the form (exists ((x(a-foo))) �[x]) can either be constructed from universal quanti�cation andnegation in the standard way or treated as abbreviations for (there-exists(some x (a-foo) such-that �[x])). The formula (at-most-one (a-foo)) can betaken as an abbreviation for (forall ((x (a-foo)) (y (a-foo))) (is x y)).The formula (singleton (a-foo)) can be taken as an abbreviation for (and(there-exists (a-foo)) (at-most-one (a-foo))).We can de�ne the predecessor function and the addition function on nat-ural numbers as follows.(define (pred (x (a-natnum)))1In practice we have found it important to implement syntactic sugar directly usingadditional primitives rather than translate it into the small number of primitives listed inthe previous section. Additional semantically redundant primitives allow inference rulesto operate directly on syntactic sugar resulting in greatly simpli�ed formal proofs.5



(some y (a-natnum) such-that (is x (succ y))))(define (sum (x (a-natnum)) (y (a-natnum)))(if (is x (zero)) y (succ (sum (pred x) y))))(define (prod (x (a-natnum)) (y (a-natnum)))(if (is x (zero)) (zero) (sum y (prod (pred x) y))))In Ontic predicates are represented by nondeterministic operators. Thefollowing operator takes a number and nondeterministically returns a largernumber. The statement that x is greater then y can be expressed in Onticas (is x (greater-than y)).(define (greater-than (x (a-natnum)))(either (succ x)(greater-than (succ x))))(define (between (x (a-natnum)) (y (greater-than x)))(both (greater-than x) (less-than y)))Notice the use of dependent types in the de�nition of between | the typeof y depends on the value of x. In general multiple argument operators aretreated by Currying. This allows a natural use of dependent types. Thede�nition of between also involves a term of the form (both (a-foo) (a-bar)).Terms of this form can be treated as syntactic sugar for (some x (a-foo)such-that (is x (a-bar))).3 RecursionOntic allows set theoretically monotone and continuous recursive de�nitions(STMC). Each recursive de�nition has a least �xed point which is takento be the meaning of the recursively de�ned symbol. The phrase \set the-oretic" means that the ordering used in de�ning this least �xed point issimple set theoretic inclusion on relations. Set theoretic recursion is usedin the �-calculus [9], [1]. This should be contrasted with least �xed pointsin complete partial orders (CPOs) as used in the semantics of many higherorder programming languages. The �xed point induction rule for STMC def-6



initions (given in section 11) is simpler than the corresponding �xed pointinduction rule for CPO least �xed points [3]. All recursive Ontic de�nitionshave the following form.(define (foo (X1 �1) : : : (Xn �n))B[foo X1 : : : Xn])Such de�nitions must be syntactically STMC where we de�ne this tomean that it satis�es the following �ve conditions.1. foo does not occur in any type restrictions �i.2. All occurrences of foo in the body must be of the form (foo u1 : : : un)where n is the given number of parameters of foo.3. foo does not occur inside a formula.4. foo does not occur inside the primitives the-set-of-all, choice or Y .5. foo does not occur inside lambda expressions other than those on theleft hand sides of applications.It seems that one would rarely, if ever, construct recursive de�nitionsof natural operators that violate restriction 1. Restriction 1 is not reallyrequired | de�nitions that violate 1 can still be STMC | but restriction1 simpli�es the processing of recursive de�nitions. Restriction 2 is moresigni�cant | it prevents the de�ned symbol from being passed as a higherorder parameter to mapping or iteration functions. A more liberal, butmore complex, de�nition of syntactically STMC can be constructed whichallows passing the de�ned symbol to mapping functions. We will stick tothe simpler restrictions given above. Restriction 3 is rarely a problem inpractice. Many de�nitions ruled out by condition 3 can be converted toequivalent acceptable de�nitions by using let expressions to move recursionsout of formulas. Unfortunately, this can not always be done. An example ofproblematic recursion inside a formula is given below. Restriction 4 can beignored in basic Ontic because the primitives mentioned there do not arise.The primitive the-set-of-all is described in section 5. The constructors7



choice and Y are described in section 10. Restriction 5 can be ignored for�rst order de�nitions, such as those of the Boyer-Moore logic, because thosede�nitions do not involve lambda expressions. lambda expressions are implicitin let expressions but these implicit lambda expressions are always the lefthand side of applications | restriction 5 can be ignored for let expressionsalso.To understand the semantic signi�cance of the above restriction we needto de�ne the notion of a semantically STMC context. Let C[foo] be anexpression containing one or more occurrences of foo. An Ontic operator fof n arguments can be associated with an n+1-ary relation where the tuplehx1; : : : ; xn; yi is a member of the relation associated with f if y is a possiblevalue of f applied to hx1; : : : ; xni. Let V [C[f ]; �] be the set of possible valuesof the term C[foo] when foo is interpreted as f and free variables other thanfoo are interpreted according to variable interpretation �.2 Let f � g signifythat the relation associated with the operator f is a subset of the relationassociated with the operator g. A context C[foo] is set theoretically monotoneif for any operators f and g such that f � g and any variable interpretation� we have that V [C[f ]; �] � V [C[g]; �]. A context C[foo] is set theoreticallycontinuous if for any in�nite sequence of operators f1 � f2 � f3 � : : : and anyvariable interpretation � we have V [C[[ifi]; �] = [iV [C[fi]; �]. The contextC[foo] is STMC if it is both set theoretically monotone and set theoreticallycontinuous. The above syntactic restrictions on recursive de�nitions ensurethat the body of each de�nition is an STMC context for the de�ned symbol.This ensures the existence of a unique least set theoretic �xed point for therecursive de�nition.The de�nition of syntactically STMC de�nitions can be liberalized con-siderably | a larger class of de�nitions can be syntactically recognized asSTMC. The main problem with more liberal de�nitions is the increased com-plexity of the statement of the syntactic condition. For example, recursioncan be allowed inside formulas provided that the recursion occurs positivelyand that no recursion occurs in the negative branch of the enclosing con-ditional. Or the recursion can occur negatively provided that no recursionoccurs in the positive branch. One of the main objections to formal veri�ca-tion languages is that they can only be used by expert users. It seems that2A formal de�nition of the denotational semantics of Ontic is presented in section 10.8



the above restrictions, while more restrictive than necessary, strike a reason-able balance between allowing a large class of de�nitions and providing asimply stated syntactic restriction.It is interesting to note some examples of illegal recursions. For example,consider the following.(define (a-paradoxical-thing)(if (there-exists (a-paradoxical-thing))(fail)'the-thing))If this de�nition were accepted one could prove that (a-paradoxical-thing)has a value if and only if it does not have a value. This de�nition is ruledout because the recursion occurs inside a formula. This de�nition is notmonotone. An example of a monotone de�nition which is ruled out due to afailure of continuity is given at the end of section 8.4 Some ExamplesAs another example we de�ne some simple data types for symbolic compu-tation.(define (a-variable)(list 'the-variable (a-symbol)))(define (a-constant)(list 'the-constant (a-natnum)))(define (a-num-expression)(either (a-constant)(a-variable)(list 'sum (a-num-expression) (a-num-expression))(list 'prod (a-num-expression) (a-num-expression))))We can also de�ne the \semantics" of the data objects de�ned above. The9



following de�nitions involve terms of the form(cond ((�1 u1) (�2 u2) : : : (�n un))):This is an abbreviation for(if �1 u1 (if �2 u2 (if : : : (if �n un (fail)) : : :))):The formula (true) can be taken to be an abbreviation for (is 'a 'a).(define (an-environment)(either 'nil(cons (cons (a-variable) (a-natnum))(an-environment))))(define (env-value (v (a-variable)) (env (an-environment)))(cond ((is env 'nil) (zero))((is (car (car env)) v)(cdr (car env)))((true) (env-value v (cdr env)))))(define (num-value (exp (a-num-expression)) (env (an-environment)))(cond ((is exp (a-variable)) (env-value exp env))((is exp (a-constant)) (cdr exp))((is (car exp) 'sum)(sum (num-value (car (cdr exp)) env)(num-value (car (cdr (cdr exp))) env)))((is (car exp) 'prod)(prod (num-value (car (cdr exp)) env)(num-value (car (cdr (cdr exp))) env)))))Finally, we can express the concept of a valid Diophantine equation.(define (a-di-equation)(list '= (a-num-expression) (a-num-expression)))(define (a-valid-di-equation)(some e (a-di-equation) such-that(forall ((env (an-environment)))(is (num-value (car (cdr e)) env)(num-value (car (cdr (cdr e))) env)))))10



5 Predicative Set TheoryIn this section we consider three additional primitives that provide a naturalway of talking about sets. In particular we have the three new primitivesthe-set-of-all, a-member-of and a-subset-of. A term of the form (the-set-of-allu) has exactly one possible value which is the set containing all of the pos-sible values of u. For example (the-set-of-all (a-natnum)) is the set of allnatural numbers. It is possible to show that any term constructed from theprimitives given in section 2 has a countable set of possible values. However,the primitive a-subset-of allows one to express uncountable sets, such as thefamily of all subsets of the natural numbers.(define (an-expression-set)(a-subset-of (the-set-of-all (an-expression))))(define (the-empty-set)(the-set-of-all (fail)))(define (a-finite-expression-set)(either (the-empty-set)(let ((s (a-finite-expression-set))(exp (an-expression)))(the-set-of-all (either exp (a-member-of s))))))6 The Real NumbersWe now give a de�nition of the real numbers as an example of foundationalconstructions in Ontic. This is done by de�ning fractions as pairs of natu-ral numbers, rationals as equivalence classes of fractions, and real numbersas downward closed sets of rationals (Dedekind cuts). Although the pre-sentation given here is foundational, it is also possible to take an axiomaticapproach in Ontic. This would be done by de�ning a real closed �eld in amanner similar to the de�nition of a group given in section 9. Some founda-tional construction, such as the one given in this section, is still required ifone wants to prove that real closed �elds exist.11



We start the foundational construction with the de�nitions of fractions.We de�ne a fraction to be a pair of natural numbers.(define (a-nonzero-natnum)(succ (a-natnum)))(define (a-fraction)(list 'the-fraction(a-natnum)(a-nonzero-natnum)))(define (numerator (f (a-fraction)))(car (cdr f)))(define (denominator (f (a-fraction)))(car (cdr (cdr f))))(define (make-fraction (n (a-natnum)) (d (a-nonzero-natnum)))(list 'the-fraction n d))(define (frac-prod (f1 (a-fraction)) (f2 (a-fraction)))(make-fraction (prod (numerator f1) (numerator f2))(prod (denominator f1) (denominator f2))))(define (frac-sum (f1 (a-fraction)) (f2 (a-fraction)))(make-fraction (sum (prod (numerator f1) (denominator f2))(prod (numerator f2) (denominator f1)))(prod (denominator f1) (denominator f2))))(define (frac-less-than (f (a-fraction)))(some g (a-fraction) such-that(is (prod (numerator f) (denominator g))(greater-than (prod (numerator g) (denominator f))))))Next we de�ne equivalence for fractions and de�ne the rationals to be equiv-alence classes of fractions.(define (an-equivalent-fraction (f1 (a-fraction)))(some-such-that f2 (a-fraction)(= (prod (numerator f1) (denominator f2))(prod (numerator f2) (denominator f1)))))(define (the-rat-rep-by (f (a-fraction)))(the-set-of-all (an-equivalent-fraction f)))(define (a-rational)(the-rat-rep-by (a-fraction))) 12



(define (frac-representing (r (a-rational)))(a-member-of r))(define (rat-less-than (r (a-rational)))(the-rat-rep-by (frac-less-than (frac-representing r))))Now we de�ne cuts. These are downward closed subsets of rationals that donot contain all rationals and that do not contain greatest elements.(define (a-cut)(some c (a-subset-of (the-set-of-all (a-rational))) such-that(and (is (rat-less-than (a-member-of c)) (a-member-of c))(exists ((r (a-rational))) (not (is r (a-member-of c))))(forall ((r1 (a-member-of c)))(exists ((r2 (a-member-of c)))(is r1 (rat-less-than r2)))))))(define (cut-prod (c1 (a-cut)) (c2 (a-cut)))(the-set-of-all(rat-rep-by(frac-prod (frac-representing (a-member-of c1))(frac-representing (a-member-of c2))))))(define (cut-sum (c1 (a-cut)) (c2 (a-cut)))(the-set-of-all(rat-rep-by(frac-sum (frac-representing (a-member-of c1))(frac-representing (a-member-of c2))))))(define (cut-difference (c1 (a-cut)) (c2 (a-cut)))(some c3 (a-cut) such-that (is c1 (cut-sum c2 c3))))(define (cut-less-or-equal (c (a-cut)))(both (a-cut) (a-subset-of c)))(define (cut-greater-or-equal (c (a-cut)))(some c2 (a-cut) such-that (is c (cut-less-or-equal c2))))The above de�nitions only deal with nonnegative fractions, rationals, andcuts. We now construct the reals as pairs of a sign and a cut.(define (a-real-rep)(list (either 'plus 'minus) (a-cut)))(define (sign-part (r (a-real-rep)))13



(car r))(define (cut-part (r (a-real-rep)))(car (cdr r)))(define (fix-zero (r (a-real-rep)))(if (is (cut-part r) (the-empty-set))(list 'plus (the-empty-set))r))(define (a-real)(fix-zero (a-real-rep)))(define (sign-prod (s1 (either 'plus 'minus)) (s2 (either 'plus 'minus)))(cond ((is s1 'plus) s2)((is s2 'plus) s1)((true) 'plus)))(define (real-prod (x (a-real)) (y (a-real)))(fix-zero(list (sign-prod (sign-part x) (sign-part y))(cut-prod (cut-part x) (cut-part y)))))(define (real-sum (x (a-real)) (y (a-real)))(cond ((is (sign-part x) (sign-part y))(list (sign-part x) (cut-sum (cut-part x) (cut-part y))))((is (sign-part x) 'plus)(if (is (cut-part x) (cut-less-or-equal (cut-part y)))(fix-zero(list 'minus (cut-difference (cut-part y) (cut-part x))))(list 'plus (cut-difference (cut-part x) (cut-part y))))))((true) (real-sum y x)))(define (real-less-or-equal (x (a-real)))(if (is (sign-part x) 'plus)(either (fix-zero (list 'minus (a-cut)))(list 'plus (a-cut-less-or-equal (cut-part x))))(list 'minus (a-cut-greater-or-equal (cut-part x)))))7 Operator TypesThe primitives a-subset-of introduced in the previous section can be viewedas introducing higher order quanti�cation | it allows quanti�cation over all14



subsets of the natural numbers. In this section we describe two more prim-itives for higher order quanti�cation | an-operator-from-to and a-thunk-to.These primitives allow one to quantify over functions from numbers to num-bers and to quantify over all thunks representing types of numbers. If sand w each deterministically denote sets, i.e., they each have one possi-ble value which is a set, then the possible values of a term of the form(an-operator-from-to s w) consist of all the operators f whose domain is sand such that all possible values of f applied to a member of s is a memberof w. Similarly, the possible values of the term (a-thunk-to w) consist of allthunks whose output sets are subsets of w. If s and w have more than onepossible value then the possible values of (an-operator-from-to s w) are allpossible values of (an-operator-from-to x y) where x is a possible value ofs and y is a possible value of w. A similar statement holds for a-thunk-to.Consider the following de�nitions. Keep in mind that the natural numbersas de�ned above are also expressions.(define (an-expression-operator)(an-operator-from-to (an-expression-set) (the-set-of-all (an-expression))))(define (an-exp-thunk)(a-thunk-to (the-set-of-all (an-expression))))(define (an-exp-list-of (t (an-exp-thunk)))(either 'nil(cons (t) (an-exp-list-of t))))(define (a-natnum-list)(an-exp-list-of a-natnum))(define (a-natnum-operator)(an-operator-from-to (the-set-of-all (a-natnum)) (the-set-of-all (a-natnum))))(define (exp-map (t (an-exp-thunk))(f (an-operator-from-to (the-set-of-all (t))(the-set-of-all (t))))(l (an-exp-list-of t)))(if (is l 'nil)'nil(cons (f (car l)) (exp-map f (cdr l)))))15



8 Predicative UniversesSTMC recursion can be used to construct quite large sets. However, STMCrecursion can not be used to construct the set of all sets. Continuous recursionhas the property that the least �xed point can be expressed as a union of the(countably many) �nite approximations. Using monotone and continuousrecursion we can construct \universes".(define (a-first-universe)(either (the-set-of-all (an-expression))(let ((u (a-first-universe)))(the-set-of-all(either (a-subset-of u)(cons (a-member-of u) (a-member-of u))(an-operator-from-to (a-subset-of u) u)(a-thunk-to u))))))(define (a-first-thing)(a-member-of (a-first-universe)))The recursive de�nition of (a-first-universe) is syntactically STMC. Theexpression (a-first-universe) has countably many di�erent values each ofwhich is \a universe". The type (a-first-thing) is large enough to containnatural representations of all the objects of ordinary mathematics. How-ever, it is not large enough to contain as a member the very large universe(the-set-of-all (a-first-thing)). To construct a universe containing thislarger object we can construct yet another sequence of universes.(define (a-second-universe)(either (the-set-of-all (a-first-thing))(let ((u (a-second-universe)))(the-set-of-all(either (a-subset-of u)(cons (a-member-of u) (a-member-of u))(an-operator-from-to (a-subset-of u) u)(a-thunk-to u))))))(define (a-second-thing)(a-member-of (a-second-universe)))16



Of course the larger universe (the-set-of-all (a-second-thing)) is not it-self a possible value of (a-second-thing) and even larger universes can bede�ned.3 Intuitively, we would like to be able to de�ne one truly univer-sal type that contains everything. Unfortunately no de�nable universe cancontain itself as a member. More generally, the principles of ZFC set the-ory prohibit any set, de�nable or not, from containing itself. So there is nouniverse of everything.One can construct recursive de�nitions which appear to de�ne the entireuniverse. For example consider the following de�nition of (a-thing).(define (a-thing)(either (a-symbol)(a-subset-of (the-set-of-all (a-thing)))(cons (a-thing) (a-thing))(an-operator-from-to (a-subset-of (the-set-of-all (a-thing)))(the-set-of-all (a-thing)))(a-thunk-to (the-set-of-all (a-thing)))))This de�nition is monotone. However, it is not continuous. It failsto be syntactically STMC because recursions occurs inside the primitivethe-set-of-all. Although the above de�nition is not acceptable in Ontic,it does give an intuitive account of the universe of Ontic values. A formaltreatment of the universe of Ontic values is given in section 10.The main problem with STMC de�nitions of large universes is the practi-cal di�culty of proving that particular objects are in them. Since no de�nableuniverse can contain all de�nable values, for any given universe one must userules of inference to determine which denotable values are members of thatuniverse. The inference rules given in section 11 for the impredicative thunksdiscussed in the next section are more practical than the rules for recursivede�nitions applied to recursively de�ned large universes.3It seems that using STMC recursion one can only de�ne objects of rank less than !2.17



9 The Impredicative UniverseIt is possible to approximate the universe of everything by introducing aprimitive thunk a-thing which can generate all values de�nable without theuse of this primitive itself. Given the primitive a-thingwe can de�ne a varietyof other useful thunks.(define (the-universe)(the-set-of-all (a-thing)))(define (a-class)(a-subset-of (the-universe)))(define (a-set)(both (a-class) (a-thing)))(define (a-cons-cell)(cons (a-thing) (a-thing)))(define (an-operator)(an-operator-from-to (a-class) (the-universe)))(define (a-thunk)(a-thunk-to (the-universe)))Expressions that do not involve the thunk a-thing are called predicative.Intuitively, predicative expressions are well de�ned | their meaning is de-terministically derived from the fundamental notions of symbols, pairs, andmonotone and continuous recursion. Impredicative expressions, those involv-ing the primitive a-thing, rely on the somewhat unde�ned meaning of thisprimitive. The impredicative universe (the-set-of-all (a-thing)) containsall values of predicative expressions. However, the impredicative universedoes not contain itself. The semantics of the primitive a-thing is formallydescribed in section 10.The primitive a-thing and the other \large thunks" de�ned above are usefulfor de�ning \polymorphic" objects such as the following.(define (a-list)(either 'nil(cons (a-thing) (a-list))))18



(define (a-list-of (t (a-thunk)))(either 'nil(cons (t) (a-list-of t))))(define (map (f (an-operator))(l (a-list-of (lambda () (a-member-of (domain-of f))))))(if (is l 'nil)'nil(cons (f (car l)) (map f (cdr l)))))(define (a-set-of (t (a-thunk)))(a-subset-of (the-set-of-all (t))))(define (insert (x (a-thing)) (s (a-set)))(the-set-of-all (either x (a-member-of s))))(define (union (s1 (a-set)) (s2 (a-set)))(the-set-of-all (either (a-member-of s1) (a-member-of s2))))The impredicative universe also allows for the construction of standardmathematical structures such as groups, rings, �elds, topological spaces, andso on. For example the concept of a group can be de�ned as follows.(define (a-function-from-to2 (d1 (a-set)) (d2 (a-set)) (d3 (a-set)))(some f (an-opertator-from-to d1 (the-set-of-all (an-operator-from-to d2 d3)))(forall ((x (a-member-of d1))(y (a-member-of d2)))(singleton (f x y)))))(define (a-group)(let ((domain (a-set)))(let ((operator (a-function-from-to2 domain domain domain)))(when (and : : : group axioms : : :)(list 'a-group domain op)))))(define (group-dom (g (a-group))) (car (cdr g)))(define (group-op (g (a-group)) (car (cdr (cdr g)))))De�ning structures is common in mathematics and computer science. Tosimplify the de�nition of structures we can add syntactic sugar for structurede�nitions. The syntactic sugar presented below abbreviates the de�nitionsgiven above and is syntactically modeled after the Common Lisp defstruct19



primitive.(defstruct (a-group)(group-dom (a-set))(group-op (a-function-from-to2 group-dom group-dom group-dom))such-that : : : group axioms : : :)10 Formal Syntax and SemanticsThis section presents the formal syntax and semantics of the Ontic language.A set of inference rules for Ontic is presented in section 11. A grammar forthe syntax of Ontic terms and formulas is given below. In the grammar Vrepresents an in�nite collection of variables, S represents an in�nite set ofquoted symbols, T represents the set of terms and F represents the set offormulas. Some of the formulas can be expressed in terms of others but inclu-sion of these redundant formulas simpli�es the presentation of the inferencerules presented in section 11.T ::= C j V j a-symbol j (cons T T ) j (car T ) j (cdr T ) j(either T T ) j (if F T T ) j (lambda ((V T )) T ) j (domain-of T ) j(apply T T ) j (lambda () T ) j (apply-thunk T ) j (Y V T ) j(the-set-of-all T ) j (a-member-of T ) j (a-subset-of T ) j(an-operator-from-to T T ) j (a-thunk-to T ) j a-thing j (choice T )F ::= (is T T ) j (or F F) j (not F) j (there-exists T ) j(at-most-one T ) j (singleton T ) j (is-symbol T ) j (is-set T ) j(is-cons-cell T ) j (is-operator T ) j (is-thunk T ) j (small T )A variety of additional syntactic constructs can be introduced as abbre-viations. The most common abbreviations, including quanti�ed formulas,are described in section 2. Multiple argument �-expressions and multiple20



argument applications are treated in the standard way using Currying. Thephrase constructors apply and apply-thunk are generally suppressed | theapplication (apply f g) is written as (f g) and (apply-thunk f) is written as(f).De�nitions are used to introduce symbols as abbreviations for terms. Arecursive de�nition introduces a symbol as an abbreviation for a �xed pointexpression. Consider the following recursive de�nition.(define (an-expression)(either (a-symbol) (cons (an-expression) (an-expression))))This de�nition introduces the symbol an-expression an abbreviation for (YF (lambda () (either (a-symbol) (cons (F) (F))))). In general, �xed pointexpressions (Y F U [F ]) are restricted so that U [F ]must be of the form (lambda((X1 �1) : : : (Xk �k)) B[F X1 : : : Xk]) with k � 0 where F does not occur freein any �i and B[F X1 : : : Xk] is syntactically set theoretically monotone andcontinuous (STMC) in F as an operator on k arguments. This means thatevery free occurrence of F in B[F X1 : : : xk] has the form (F u1 : : : uk)and that no occurrence of F in B[F X1 : : : xk] occurs inside a formula orinside the phrase constructors the-set-of-all, choice or Y or inside a lambdaexpressions other than the left hand sides of applications.To de�ne the semantics of Ontic we �rst need the notion of a universe. Auniverse is a \standard" model of Zermelo Fraenkel set theory.De�nition: A universe is a family of sets U satisfying the fol-lowing conditions.� If s 2 U then P (s) 2 U where P (s) is the set of all subsetsof s.� If s 2 U then s � U .� If w � U and w is countable then w 2 U .� If s 2 U and w � U , where jwj � jsj, then w 2 U .� If s 2 U then the union of all sets in s is in U .21



It is interesting to note that the above de�nition can be viewed as a re-cursive de�nition of a family of sets. One can start with the empty set andcontinue to add sets forced by the de�nition (starting with the power set ofthe empty set). This process will reach a �xed point at the �rst strongly inac-cessible cardinal (assuming that such cardinals exist). The above de�nitionallows for universes larger than this least �xed point.The semantics of Ontic is de�ned relative to three parameters | U0, U1and C. U0 and U1 must be universes and U1 must contain U0 as a member.The universe U0 will be used as a model of the impredicative thunk a-thing.C must be a function from U1 to U1 such that for any nonempty elementx of U1 we have C(x) 2 x. C is used to give the semantics of the choiceprimitive. Although we can not prove from the foundations of set theorythat these object exist, all of modern large cardinal theory and much ofmodern category theory are based on assumptions implying the existence ofsuch objects.In Ontic we distinguish �ve kinds of semantic values | symbols, conscells, sets, operators and thunks. Any encoding of these values as sets issu�cient provided that the representation of a value determines all the rele-vant properties of that value, including what kind of value it is. For the sakeof de�niteness we give one particular representation here. We assume thatnatural numbers and tuples are represented in the standard way as sets inU1.4 First we de�ne a representation of symbols. A symbol is represented bya list of numbers the �rst of which gives the length of the list. For example,'foo is represented by the tuple h3; 6; 15; 15i. The �rst number 3 indicatesthat the symbol is spelled with three letters, and the numbers 6, 15, and15 indicate that the letters consists of the 6th letter followed by two copiesof the 15th letter. In the remainder of this section we use expressions suchas 'foo as synonyms for the corresponding representation of the symbol asa tuple. To distinguish the di�erent kinds of Ontic values we use a taggedrepresentation. Every Ontic value is a tuple whose �rst component is a one ofthe \tags" 'the-symbol, 'the-cons-cell, 'the-set, 'the-operator or 'the-thunk.We now de�ne the semantic notion of a value.4The number 0 is represented by the empty set and n + 1 is represented by n [ fng.The pair hx; yi is represented by the set fx; fx; ygg. The n-tuple hx1; x2; : : : ; xni isrepresented by hx1; hx2; h: : : xni : : :ii. 22



De�nition: An Ontic value is any one of the following.� h'the-symbol; xi where x is a symbol (as de�ned above).� h'the-cons-cell; x; yi where x and y are values.� h'the-set; xi where x is a set of values.� h'the-operator; d; ri where d is a set of values and r is a setof pairs of values whose �rst component is an element of d.The set d is the domain of the operator and the set r is theset of input/output pairs of the operator.� h'the-thunk; xi where x is a set of values.The above de�nition is recursive. The intended meaning is the least �xedpoint over the universe U1.5The meaning of Ontic terms and formulas is de�ned by a semantic valuefunction. The value function takes an Ontic expression and an Ontic variableinterpretation and returns a semantic value. The value function is de�ned bystructural recursion on Ontic expressions. If � is a mapping from variablesto values, and u is an Ontic term, then V [u; �] is a set of values that isa member of U1 | namely the set of possible values of the term u undervariable interpretation �. If � is a formula then V [�; �] is a truth value.De�nition: An Ontic variable interpretation is a mapping fromOntic variables to Ontic values.De�nition: Let � be an Ontic variable interpretation. For anyOntic expression e we de�ne V [e; �] as follows.� For any variable X we have V [X; �] = f�[X]g� If s is a quoted symbol then V [s; �] = fh'the-symbol; sig5The recursive de�nition of an Ontic value will have larger �xed points over largeruniverses. 23



� V [a-symbol; �] = fh'the-thunk; sig where s is the set of all symbolvalues.� V [(cons u w); �]= fh'the-cons-cell; x; yi : x 2 V [u; �] ^ y 2 V [w; �]g� V [(car u); �] = fy : 9w; 9z 2 V [u; �]; z = h'the-cons-cell; y; wig� V [(cdr u); �] = fy : 9w; 9z 2 V [u; �]; z = h'the-cons-cell; w; yig� V [(either u w); �] = V [u; �] [ V [w; �]� V [(if � u w); �] = ( V [u; �] if V [�; �] = TV [w; �] if V [�; �] = F� V [(lambda ((X �)) B[X]); �]= fh'the-operator; V [�; �]; fhz; yi : z 2 V [�; �]; y 2 V [B[X]; �[X := z]]gigwhere �[X := z] is the Ontic variable interpretation identical to �except that it maps X to z� V [(domain-of u); �]= fh'the-set; di : 9p 9f 2 V [u; �]; f = h'the-operator; d; pig� V [(apply u w); �]= fy : 9f 2 V [u; �] 9 x 2 V [w; �] 9p; d; f = h'the-operator; d; pi^ hx; yi 2 pg� V [(lambda () u); �] = fh'the-thunk; V [u; �]ig� V [(apply-thunk u); �]= fy : 9f 2 V [u; �]; 9s; f = h'the-thunk; si ^ y 2 sg24



� V [(Y F U [F ]); �]= V [U [(apply-thunk H)]; �[H := h'the-thunk; Sn�0Gn(f?g)i]]where ? is h'the-operator; ;; ;i, G is a function mapping sets to setsde�ned byG[s] = V [U [(apply-thunk H)]; �[H := h'the-thunk; si]]and Gn(f?g) denotes n applications of G to the set f?g� V [(the-set-of-all u); �] = fh'the-set; V [u; �]ig� V [(a-member-of u); �]= fy : 9s 2 V [u; �]; 9z; s = h'the-set; zi ^ y 2 zg� V [(a-subset-of u); �]= fh'the-set; yi : 9s 2 V [u; �]; 9z; s = h'the-set; zi ^ y � zg� V [(an-operator-from-to u w); �]= fh'the-operator; d1; ri : 9t 2 V [u; �]; t = h'the-set; d1i^9s 2 V [w; �]; 9d2; s = h'the-set; d2i ^ r � d1 � d2g� V [(a-thunk-to u); �]= fh'the-thunk; di : 9s 2 V [u; �]; 9d2; s = h'the-set; d2i ^ d � d2g� V [a-thing; �] = fh'the-thunk; sig where s is the set of all Ontic valuesthat are members of U0� V [(choice u); �] = ( fC[V [u; �]]g if V [u; �] 6= ;; otherwise� V [(is u w); �] = ( T if V [u; �] � V [w; �]F otherwise25



� V [(or � 	); �] = ( T if V [�; �] = T or V [	; �] = TF otherwise� V [(not �); �] = ( T if V [�; �] = FF otherwise� V [(there-exists u); �]( T if V [u; �] 6= ;F otherwise� V [(at-most-one u); �]( T if jV [u; �]j � 1F otherwise� V [(singleton u); �]( T if jV [u; �]j = 1F otherwise� V [(is-symbol u); �]( T if every member of V [u; �] is a symbol valueF otherwiseA similar condition holds for formulas of the form (is-set u), (is-cons-cellu), (is-operator u) and (is-thunk u).� V [(small u); �]( T if the set V [u; �] is a member of U0F otherwise11 Inference RulesThis section presents inference rules for Ontic. The inference rules given hereare a mixture of ordinary rules and natural deduction rules. It should bestraightforward to verify the soundness of each rule relative to the semanticsof the previous section. The rules can not be semantically complete becausethe true formulas of Ontic include the true formulas of arithmetic and henceare not recursively enumerable. However, the rules have been designed toincorporate all of the inference principles of ZFC set theory applied to thedenotational semantics of the expressions. Any formula of set theory hasa natural representation in Ontic in which each set theoretic quanti�er isreplaced by an Ontic quanti�er ranging over the type (a-set) (as de�nedin section 9). For any theorem of ZFC set theory the corresponding Ontic26



formula is provable using the rules of this section. To prove this one cansimply verify that any instance of the axioms of ZFC is provable in Ontic.Actually, because includes a term denoting the impredicative universe, Onticcan prove the consistency of ZFC and so is somewhat more powerful thanZFC. Of course the inference rules for Ontic should be adequate for provingproperties of symbols, cons cells, operators and thunks as well as sets.First we give some \pure formula" rules, i.e, rules not involving term con-structors. We assume some complete set of natural deduction rules forBoolean connectives. The formula constructors is-symbol, is-set and so onwill be called \classi�ers". Formulas of the form (small u) are used in theinference rules for the thunk a-set.� (is u u)� (is u w)(is w s)(is u s)� (there-exists u)(is u w)(there-exists w)� (is u w)(at-most-one w)(at-most-one u)� (is u w)(there-exists u)(at-most-one w)(is w u)� (there-exists u)(at-most-one u)(singleton u)� (singleton u)(there-exists u) 27



� (singleton u)(at-most-one u)� (singleton u)(or (is-symbol u) (is-set u) (is-cons-cell u) (is-operator u) (is-thunk u))� (is-foo u)(not (is-bar u)) where is-foo and is-bar are distinct classi�ersIn the following rules X, Y and Z range over variables.� (singleton X)� �; (is X u); (is Y u) ` (is X Y )�; ` (at-most-one u) X; Y not free in �� �; (is X u) ` (is X w)� ` (is u w) X not free in �, u or w� �; (is X u) ` ��; (there-exists u) ` � X not free in � or �� �; (is X u) ` (is-foo X)� ` (is-foo u) is-foo a classi�er and X not free in � or uThe term constructors cons, car, cdr, either, domain-of, apply, apply-thunk,a-member-of, a-subset-of, an-operator-from-to and a-thunk-to will be calledregular constructors. The remaining constructors lambda, the-set-of-all,choice, Y and if will be called irregular constructors. We have the followingrules for regular constructors c. Each rule has a monadic and a binary form.� (is u v)(is (c u) (c v))� (is u1 v1)(is u2 v2)(is (c u1 u2) (c v1 v2)) 28



� �; (is X (c Y )); (is Y u) ` ��; (is X (c u)) ` � Y not free in �, u, or �� �; (is X (c Y Z)); (is Y u); (is Z w) ` ��; (is X (c u w)) ` � Y and Z not free in �, u, w or �We now give inference rules speci�c to the various features of Ontic. Firstwe give the rules for symbols.� (singleton s) where s is a quoted symbol� (is-symbol s) where s is a quoted symbol� (not (is s1 s2)) where s1 and s2 are distinct quoted symbols� (is-thunk a-symbol)� (is u (apply-thunk a-symbol))(is-symbol u)� (is-symbol u)(is u (apply-thunk a-symbol))Next we give the rules for cons cells. In these rules, and in the remainder ofthis section, the formula (= u v) is used as an abbreviation for (and (is u v)(is v u)).� (is-cons-cell (cons u w))� (is-cons-cell u)(singleton u)(= u (cons (car u) (cdr u)))� (singleton u)(singleton v)(singleton (cons u v)) 29



� (there-exists (car u))(singleton u)(is-cons-cell u)� (there-exists w)(= (car (cons u w)) u)� (there-exists (cdr u))(singleton u)(is-cons-cell u)� (there-exists u)(= (cdr (cons u w)) w)Now we give the rules for either.� (is u (either u w))� (is w (either u w))� (is X (either u w))(or (is X u) (is X w))And the rules for if.� �(= (if � u w) u)� (not �)(= (if � u w) w)Now the rules for operators.� (is-operator (lambda ((X �)) B[X]))� (is-operator f)(singleton f)(= f (lambda ((X (a-member-of (domain-of f)))) (apply f X))) X not free in u� (singleton (lambda ((X �)) B[X]))30



� (there-exists (apply (lambda ((X �)) B[X]) u))(singleton u)(is u �)� (singleton u)(is u �)(= (apply (lambda ((X �)) B[X]) u) B[u])� � ` (is-operator f)� ` (is-operator g)� ` (= (domain-of f) (domain-of g))�; (is X (a-member-of (domain-of f))) ` (= (apply f X) (apply g X))� ` (= f g) X not free in �, f, or g� (there-exists (apply f u))(singleton f)(is-operator f)� (there-exists (domain-of f))(singleton f)(is-operator f)� (= (domain-of (lambda ((X �)) B[X])) (the-set-of-all �))Now the rules for thunks.� (is-thunk (lambda ()) u))� (is-thunk f)(singleton f)(= f (lambda () (apply-thunk f)))� (singleton (lambda () u))� (= (apply-thunk (lambda () u)) u)� (is-thunk f), (singleton f)(is-thunk g), (singleton g)(= (apply-thunk f) (apply-thunk g))(= f g) 31



� (there-exists (apply-thunk f))(singleton f)(is-thunk f)Now the rules for �xed points. The �rst rule is simple.� (= (Y F U [F ]) U [(Y F U [F ])])To state the induction rule let 	[G] be a formula of the following form in-volving the variable G.(forall ((Y1 1)...(Yk k)(Z (G u1 : : : un)))�[Y1; : : : ; Yk; Z])We are using universal quanti�cation as an abbreviation as described insection 2. We require that the only occurrence of the variable G in 	[G] bethe one explicitly shown. We now have the standard �xed point inductionrule for formulas of this form.� �;	[G] ` 	[U [G]]� ` 	[(Y F U [F ])]Unlike CPO �xed point induction, the above restricted form of 	[G] isadequate for STMC �xed point induction. Using this induction principle itis possible to prove a set theoretic formula stating that (Y F U [F ]) is in factthe least set theoretic �xed point of U .Now the rules for sets.� (is-set (the-set-of-all u))� (is-set s)(singleton s)(= s (the-set-of-all (a-member-of s)))� (singleton (the-set-of-all u)) 32



� (= (a-member-of (the-set-of-all u)) u)� (is-set (a-subset-of s))� (is-set s)(singleton w)(is (a-member-of s) (a-member-of w))(is s (a-subset-of w))� (is s (a-subset-of w))(is (a-member-of s) (a-member-of w))� (is s (a-subset-of w))(is w (a-subset-of s))(= s w)� (there-exists (a-member-of s))(singleton s)(is-set s)� (there-exists (a-subset-of s))(singleton s)(is-set s)For compatibility with ZFC, we include the axiom of foundation.(forall ((s (a-set)))(exists ((x (a-member-of s)))(not (there-exists (both (a-member-of s) (a-member-of x))))))Now the rules for function spaces.� (is-operator (an-operator-from-to u w))� (there-exists (an-operator-from-to u w))(singleton u)(is-set u)� (there-exists (an-operator-from-to u w))(singleton w)(is-set w) 33



� (is f (an-operator-from-to u w))(is (domain-of f) u)� (is f (an-operator-from-to u w))(is (apply f (a-member-of u)) (a-member-of w))� (is-operator f)(is-set w)(singleton w)(is (apply f (a-member-of (domain-of f))) (a-member-of w))(is f (an-operator-from-to (domain-of f) w))� (is-thunk (a-thunk-to u))� (there-exists (an-thunk-to w))(singleton w)(is-set w)� (is f (a-thunk-to u))(is (apply-thunk f) (a-member-of u))� (is-thunk f)(is-set w)(singleton w)(is (apply-thunk f) (a-member-of w))(is f (a-thunk-to w))We now consider the primitive a-thing.� (is-thunk a-thing)� (small u)(is u (apply-thunk a-thing))� (is u (apply-thunk a-thing))(singleton u)(small u)� (small u)(small (c u)) c any monadic term constructor� (small u)(small w)(small (c u w)) c a binary term constructor other than lambda or Y� (small a-symbol)� � ` (small �)�; (small X) ` (small B[X])� ` (small (lambda ((X �)) B[X])) X not free in �34



� (small u)(small (lambda () u))� �; (small G) ` (small U [G])� ` (small (Y F U [F ])) G not free in � or UNow the rules for choice.� (is (choice u) u)� (there-exists u)(singleton (choice u))� (not (there-exists u))(not (there-exists (choice u)))12 ConclusionThe primary novel feature of Ontic is the use of nondeterminism to simplyformal representation. This use of nondeterminism to eliminate a separatesyntactic category of types is motivated here as a way of simplifying de�ni-tions. Although type inference algorithms have not been discussed here, theuse of nondeterminism as a representation for types can also be motivatedas a technique for making type inference more generally applicable (see [6]).This paper is primarily about the syntax and semantics of a highly expressiveand concise formal representation language. It is hoped that a variety of dif-ferent approaches can be used to build veri�cation systems for the languagede�ned in this paper.References[1] J. R. Burch, E. M. Clarke, K. L. McMillan, D. L. Dill, and J. Hwang.Symbolic model checking:1020 states and beyond. In Proceedings of theFifth Annual IEEE Symposium on Logic in Computer Science, June1990. 35
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